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Abstract
We present a systematic classification of counterterms of four-dimensional su-
persymmetric field theories on curved space, obtained as the rigid limit of new
minimal supergravity. These are supergravity invariants constructed using the
field theory background fields. We demonstrate that if the background preserves
two supercharges of opposite chirality, then all dimensionless counterterms van-
ish, implying that in this case the supersymmetric partition function is free of
ambiguities. When only one Euclidean supercharge is preserved, we describe the
ambiguities that appear in the partition function, in particular in the dependence
on marginal couplings.
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1 Introduction and summary
The complete information about a quantum field theory is encoded in the generating func-
tional of correlation functions of gauge-invariant operators, defined as the Euclidean path
integral over the dynamical fields of the theory in the presence of background sources. Al-
though this is usually very difficult to compute in closed form, for certain supersymmetric
field theories defined on compact Riemannian manifolds supersymmetric localization can be
used to simplify the calculation enormously [1, 2, 3]. As recently emphasised in [4], super-
symmetric field theories on curved manifolds can be constructed by taking a rigid limit of a
suitable off-shell supergravity theory, where gravity is decoupled by sending the Planck mass
to infinity. In this limit, the metric and other auxiliary fields in the supergravity multiplet
remain as background fields and play the role of sources in the functional integral.
Although localization techniques allow to reduce the path integral to a semi-classical cal-
culation of a one-loop functional determinant, the latter is a divergent quantity, that needs
to be regularised and renormalised. Moreover, the finite part might suffer from ambigui-
ties associated to the different renormalisation schemes, as usual in quantum field theories.
Divergences can be removed by adding counterterms, namely integrals of local densities
constructed from the background fields. Ambiguities in the finite part of the calculations
correspond to the existence of counterterms that remain finite after removing the cut-off. The
choice of renormalisation scheme, and therefore of the possible counterterms, is constrained
by the requirement that certain symmetries of the theory be preserved.
Motivated by the need to characterise physically meaningful observables, in this paper
we classify counterterms of four-dimensional N = 1 supersymmetric field theories on curved
space. In this case, the relevant counterterms are supergravity invariants. One way to see it is
to observe that some higher-derivative terms in the off-shell supergravity action do not involve
the Planck mass, and therefore survive the rigid limit. From the field theory viewpoint,
these dimensionless integrals involving just background fields define finite supersymmetric
counterterms. Supergravity invariants involving positive powers of the Planck mass provide
counterterms that may be used to subtract UV divergences.
The form of the counterterms depends on the specific off-shell supergravity one starts
from. Here we consider the new minimal formulation of supergravity [5, 6], which assumes
the existence of an R-symmetry. As the field theory path integral is usually defined on
Riemannian manifolds, we will work in Euclidean signature. The first part of our work is
thus devoted to define new minimal supergravity in Euclidean signature. This is achieved by
doubling the number of degrees of freedom of all fields. Supersymmetric invariants are then
constructed either as D-terms, or F -terms, or F˜ -terms (in Lorentzian signature, F˜ -terms are
the complex conjugate to the F -terms, but in Euclidean signature they are independent) In
the three-dimensional avatar of new minimal supergravity, local supersymmetric invariants
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corresponding to finite counterterms were studied in [7, 8]. Supersymmetric invariants of
other supergravity theories were recently used as counterterms in [9, 10].1
We first analyse the terms that are constructed exclusively with component fields of the
gravity multiplet. In four-dimensional new minimal supergravity, the bosonic fields are the
vielbein eaµ and two auxiliary fields: a one-form Aµ gauging the R-symmetry and a conserved,
globally defined one-form Vµ. Besides locality and supersymmetry, we also demand that the
counterterms be invariant under diffeomorphisms and local R-symmetry transformations.
This selects a set of curvature multiplets as building blocks, which can be combined by
exploiting the tensor calculus of new minimal supergravity [6, 12].
We will call marginal the action obtained by integrating a local Lagrangian of mass di-
mension d = 4 over the four-manifold. Having vanishing mass dimension, this naturally
leads to a finite counterterm (the same type of integral can also multiply logarithmic diver-
gences). On the other hand, we will call dimensionful the integral of a local Lagrangian of
mass dimension d < 4. To form an action, this must be multiplied by Λ4−d, where Λ is a
parameter with the dimension of a mass. This may be a parameter appearing in the field
theory Lagrangian, or a UV cut-off scale in a given regularisation scheme. In the second
case, dimensionful integrals provide divergent counterterms.
We find that a basis of independent marginal supersymmetric actions is given by2
SE =
∫
d4x e E = 32π2 χ(M) ,
SP =
∫
d4x eP = 48π2 σ(M) ,
SF =
∫
d4x eFµν ∗F µν = 2π2 ν , (1.1)
SC2 =
∫
d4x e
[
CµνρσC
µνρσ − 8
3
GµνG
µν
]
,
SR2 =
∫
d4x e
[
8FµνF
µν − (R + 6VµV µ)2
]
,
where e is the vielbein determinant, E denotes the Euler density, integrating to the Euler
characteristic χ(M) of the four-manifold M , P denotes the Pontryagin density, integrating
to the signature σ(M), Fµν is the field strength of Aµ, Cµνρσ is the Weyl tensor of the
Levi-Civita connection, Gµν is the field strength of Aµ − 32Vµ, and R is the Ricci scalar of
the Levi-Civita connection. The first three integrals in (1.1) are topological invariants, the
fourth is conformal invariant, while the fifth is neither topological, nor conformal. Let us
1In Lorentzian signature, supersymmetric invariants of new minimal supergravity have been discussed in
[11] in the context of local BRST cohomology. We thank the author for alerting us about the relevance of
this work.
2Here we only write the bosonic parts. Precise definitions of E and P are given in (3.5) and (3.4).
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also recall that when these integrals are evaluated on a generic supersymmetric background,
the instanton number ν gets related to the topological invariants of the manifold via the
formula ν = c1(M)
2 = 3σ(M) + 2χ(M) [13]. In Lorentzian signature, these invariants were
constructed in [14, 12, 15], and our study indicates that there exist no others satisfying the
requirements.
Regarding dimensionful integrals, it is known that there is no supersymmetrisation of the
cosmological constant in new minimal supergravity [5, 6], and we interpret this as a proof
that quartic divergences in the UV cut-off cannot appear if the field theory is regularised in
a supersymmetric way. The only dimensionful integral we find is the supergravity Einstein–
Hilbert (EH) action, whose bosonic part reads [5]
SEH =
Λ2
2
∫
d4x e (R + 6VµV
µ − 8AµV µ) . (1.2)
Therefore this is the only supersymmetric counterterm that could be used to subtract
quadratic divergences, if indeed these arise.
We can also consider further background multiplets in addition to the gravity multiplet.
For instance, one can introduce background gauge vector multiplets, coupling to field theory
flavor supercurrents. The associated Yang–Mills and topological actions naturally provide
marginal supersymmetric counterterms, while Fayet–Iliopoulos (FI) terms of background
Abelian gauge vector multiplets are dimensionful and come multiplied by Λ2, as (1.2). By
combining the fields in the gravity multiplet and in the background gauge vector multiplet,
one can also construct mixed gravity-gauge counterterms whose expression we will present.
Further supersymmetric counterterms can be defined by promoting the couplings appear-
ing in the field theory Lagrangian to background multiplets, and using these to construct
new supersymmetric actions [16] (see also e.g. [17, 18]). As emphasised in [9], these coun-
terterms parameterise the ambiguous dependence of the field theory partition function on
such couplings.
Having constructed the supersymmetric counterterms, we proceed to evaluate them on
a supersymmetric background. This is obtained by setting to zero all fermionic background
fields and imposing that the respective supersymmetry variations also vanish. In particular,
assuming that the metric is real, one can show that generically the manifold is endowed
with a complex structure [19, 20]. The conclusions depend on the number of supercharges
being preserved. If the background admits two supercharges of opposite R-charge, then all
supersymmetric invariants constructed as F -terms or F˜ -terms vanish. Invariants constructed
as D-terms of a general multiplet also vanish, except if the D-term is an FI term of an
Abelian gauge vector multiplet (as we will see, this also includes the EH action (1.2)).
However, at least if the field theory does not have a relevant parameter in the Lagrangian,
such non-vanishing D-terms can at most define divergent counterterms. We conclude that
in the presence of two supercharges of opposite R-charge, all finite, local, gauge-invariant
4
counterterms vanish. In particular, this holds for all terms in (1.1). It follows that when
the renormalisation scheme preserves supersymmetry as well as diffeomorphism and gauge
invariance, the partition function is free of ambiguities.
If only one Euclidean supercharge is preserved, all F˜ -terms built out of background
fields vanish, while F -terms can be non-zero (or vice-versa, depending on the chirality of
the supercharge). This implies some relations between the integrals (1.1), such that they
can all be expressed in terms of topological invariants. The same holds for the marginal
counterterms from background gauge vector multiplets. Moreover, the D-terms behave as in
the two supercharge case. It follows that, apart for an overall number fixed by the topology
of the manifold and of the gauge bundle of background vector multiplets, again there are no
ambiguities in the field theory partition function as far as the dependence on the background
fields is concerned. However, generically we obtain non-trivial ambiguities in the dependence
on marginal couplings appearing in the field theory action. It was recently shown in [21] that,
up to counterterms and anomalies, the partition function is a locally holomorphic function
of F -terms couplings. By promoting the marginal couplings to background chiral multiplets,
we will show that as long as at least one of the topological invariants mentioned above does
not vanish, there is an ambiguity by an arbitrary holomorphic function of such couplings.
In addition, the present results extend those found in [13], where the first four integrals
in (1.1) were evaluated on a supersymmetric background, but no analysis was performed of
other possible terms. The terms studied in [13] are those appearing in the Weyl anomaly
and chiral anomaly of the R-current of superconformal field theories, namely∫
d4x e 〈Tµµ〉 = c
16π2
SC2 − a
16π2
SE ,∫
d4x e 〈∇µJµR〉 =
c− a
24π2
SP +
5a− 3c
27π2
SG , (1.3)
where SG denotes the topological invariant SG =
∫
d4x eGµν ∗Gµν which, although a priori
independent, is equal to SF since Vµ is globally defined. In particular, it was observed in [13]
that when two supercharges of opposite R-charge are preserved, the integrated trace of the
energy-momentum tensor and the divergence of the R-current vanish. Here we will show that
it is immediate to extend these results to the presence of background gauge vector multiplets
and to chiral anomalies of flavor currents.
Finally, let us briefly comment on the same problem studied in Lorentzian signature.
Assuming a suitable fall-off of all fields at infinity such that surface terms from integrations by
parts evaluate to zero, the picture is exactly the same as the one for the case of two Euclidean
supercharges of opposite R-charge (there is no analog of the one Euclidean supercharge
case in Lorentzian signature). See [22] for a characterisation of Lorentzian supersymmetric
backgrounds in four dimensions.
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The rest of the paper is organised as follows. In section 2 we discuss new minimal super-
gravity in Euclidean signature. In section 3 we construct the supersymmetric counterterms.
In section 4 we evaluate them on a supersymmetric background, and prove our vanishing
results. We then discuss some physical implications: in section 5 regarding ambiguities and
in section 6 about anomalies. Section 7 contains our concluding remarks. Appendix A pro-
vides our conventions and various useful identities, while appendix B gives more details on
the tensor calculus. In Appendix C we make some comments on the differences with old
minimal supergravity.
2 Euclidean new minimal supergravity
In this section we review the relevant features of new minimal supergravity [5, 6]. We mainly
follow ref. [12], which includes a thorough study of the tensor calculus and of the curvature
multiplets. Having in mind applications to field theories defined on Riemannian manifolds,
we work in Euclidean signature. We start introducing the gravity multiplet and its transfor-
mation rules. Then we discuss the general multiplet, the different types of special multiplets
(chiral, gauge, linear) and the curvature multiplets, providing just the essential notions that
will be needed in the next sections. Besides Wick-rotating the Lorentz and Clifford algebras,
the Euclidean supergravity theory has been obtained from the Lorentzian one by splitting
all Majorana spinors in their positive and negative chirality parts, and allowing these to
be independent of each other. It follows that the supersymmetry transformations do not
preserve any reality property, so we should allow all bosonic fields, including the metric, to
generically take complex values. This effectively doubles the number of all off-shell degrees
of freedom.
2.1 Gravity multiplet
The gravity multiplet of Euclidean new minimal supergravity is(
eaµ , ψµα , ψ˜
α˙
µ , Aµ , Bµν
)
, (2.1)
where eaµ is the vierbein, ψµα, ψ˜
α˙
µ are independent gravitini of positive and negative chirality,
respectively (see appendix A for details about our spinor conventions), while Aµ and Bµν
are auxiliary fields. Aµ is the gauge field of a local, Abelian R-symmetry, under which
ψµ has charge +1 and ψ˜µ has charge −1 . Bµν is an antisymmetric tensor with gauge
transformation δBµν = 2∂[µξν]. Since all other fields (including those in the matter multiplets
to be introduced later) are neutral under the latter transformation, Bµν can equivalently
be described in terms of a one-form Vµ, defined as the Hodge dual of the field strength
Hµνρ = 3 ∂[µBνρ] :
Vµ = − i
6
ǫµνρσH
νρσ . (2.2)
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The Bianchi identity ∂[µHνρσ] = 0 translates into the conservation condition ∇µV µ = 0 . We
will find convenient to use both Vµ and Hµνρ in the following.
The supersymmetry transformations are defined in terms of spinorial parameters ζ and
ζ˜, having the same chirality and R-charge as ψµ and ψ˜µ , respectively. Before coming to their
expression, it is convenient to include suitable gravitino bilinears into the definition of various
bosonic quantities. This repackages the complicated gravitino terms of supergravity, allowing
to handle them in a relatively simple way, and making the expressions supercovariant.3 Such
modified bosonic quantities will be denoted by a hat symbol. As a first thing, as usual
in supergravity, we define a spin connection ωˆµ
ab with torsion, where the torsion tensor is
Tµν
a = −4iψ˜[µσ˜aψν] .4 We will further define
Hˆµνρ = Hµνρ + 6i ψ[µσνψ˜ρ] ,
Vˆµ = Vµ + ǫµ
νρσ ψνσρψ˜σ . (2.3)
Then we can introduce the connections
ω±µ
ab = ωˆµ
ab ± Hˆµab = ωˆµab ± i Vˆ νǫνµab , (2.4)
whose torsion also includes a bosonic part proportional to Hµab, and
A+µ = Aµ − Vˆµ , (2.5)
the notation being inherited from [12]. These can be used to define covariant derivatives D±:
D+µ = ∂µ +
i
2
ω+µ
abSab − irA+µ
D−µ = ∂µ +
i
2
ω−µ
abSab − irAµ . (2.6)
Here, Sab denotes the (Hermitian) generators of the SO(4) Lorentz rotations, acting on a
field Φ as δLorentz(λ)Φ =
i
2
λabSabΦ, while r is the R-charge of the field that is acted on. For
instance, for the gravitino ψµ, Sab = iσab and r = 1, while for ψ˜µ, Sab = i σ˜ab and r = −1.
On the supersymmetry parameters, the derivative D+ gives
D+µ ζ =
(
∂µ − 12ω+µabσab − iA+µ
)
ζ =
(
∂µ − 12 ωˆµabσab − iAµ + iVˆµ + iVˆ νσµν
)
ζ ,
D+µ ζ˜ =
(
∂µ − 12ω+µabσ˜ab + iA+µ
)
ζ˜ =
(
∂µ − 12 ωˆµabσ˜ab + iAµ − iVˆµ − iVˆ ν σ˜µν
)
ζ˜ . (2.7)
We will also need the gravitino field strengths, defined as
ψµν = D
+
µψν −D+ν ψµ , ψ˜µν = D+µ ψ˜ν −D+ν ψ˜µ . (2.8)
3This implies that the supersymmetry variation of hatted quantities does not contain derivatives of
spinorial parameters.
4Explicitly, ωˆµ
ab = ωµ
ab + Kµ
ab, where ωµ
ab is the Levi-Civita connection defined in (A.11), and the
contortion is Kµ
ab = −2i(ψ˜µσ˜[aψb] + ψ˜[aσ˜b]ψµ + ψ˜[aσ˜µψb]) .
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We can now give the supersymmetry transformations of the gravity multiplet. These are:
δeaµ = 2i ζσ
aψ˜µ + 2i ζ˜ σ˜
aψµ ,
δψµ = D
+
µ ζ ,
δψ˜µ = D
+
µ ζ˜ ,
δAµ = ζσµσ˜
abψ˜ab − ζ˜ σ˜µσabψab ,
δBµν = − 2i ζσ[µψ˜ν] − 2i ζ˜ σ˜[µψν] . (2.9)
We also provide a few more supersymmetry variations, which can be deduced from the ones
above and will be useful in the following. The variation of the spin connection is
δωˆµab = i
(
−ζσµψ˜ab + ζσaψ˜bµ − ζσb ψ˜aµ + 2Hˆabc ζσcψ˜µ
)
+ i
(
−ζ˜ σ˜µψab + ζ˜ σ˜aψbµ − ζ˜ σ˜b ψaµ + 2Hˆabc ζ˜ σ˜cψµ
)
. (2.10)
The variation of Hˆabc is
δHˆabc = 3i
(
ζσ[aψ˜bc] + ζ˜ σ˜[aψbc]
)
. (2.11)
Equivalently,
δVˆa =
1
2
ǫa
bcd
(
ζσbψ˜cd + ζ˜ σ˜bψcd
)
. (2.12)
The variations of ω±µab are
δω+µab = 4i
(
ζσ[aψ˜b]µ + ζ˜ σ˜[aψb]µ
)
+ 4iHˆabc
(
ζσcψ˜µ + ζ˜ σ˜
cψµ
)
, (2.13)
δω−µab = −2i
(
ζσµψ˜ab + ζ˜ σ˜µψab
)
. (2.14)
Note that the second is particularly simple. It will also be useful to record that
δA+µ = −ζσaψ˜µa + ζ˜ σ˜aψµa − 2iVˆa
(
ζσaψ˜µ + ζ˜ σ˜
aψµ
)
. (2.15)
The variation of the gravitino field strengths can be expressed as
δψab = −1
2
Rˆ+abcdσ
cdζ − iFˆ+ab ζ , δψ˜ab = −
1
2
Rˆ+abcdσ˜
cdζ˜ + iFˆ+ab ζ˜ . (2.16)
We have defined the field strength of A+ as F+ab = 2 e
µ
ae
ν
b∂[µA
+
ν]. Moreover, R
+
abcd = e
µ
ae
ν
bR
+
µνcd
is the Riemann tensor computed from the connection with torsion ω+µab; its expression at
vanishing gravitino is given in eq. (A.15). The hatted curvatures are the truly supercovariant
curvatures, obtained by using a modified covariant derivative
Dˆ±µ = D
±
µ − δQ(ψµ, ψ˜µ) , (2.17)
where the last term denotes a supersymmetry variation with parameters ψµ, ψ˜µ at the place
of ζ , ζ˜ .
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2.2 General multiplet and subcases
We will now introduce the general multiplet of new minimal supergravity and some of its
sub-multiplets [6, 12]. As we work in Euclidean signature, we adopt the notation of [21,
sect. 2] (extended to supergravity). A general supermultiplet S has components
S = (C , χα , χ˜α˙ , M , M˜ , aµ , λα , λ˜α˙ , D) . (2.18)
Its R-charge r is defined as the R-charge of the bottom component C, and the R-charges of
the different components are (r, r−1, r+1, r−2, r+2, r, r+1, r−1, r). The supersymmetry
transformations are:
δC = iζχ− iζ˜ χ˜ ,
δχ = ζM + i σbζ˜
(
ab − iDˆ−b C
)
,
δχ˜ = ζ˜ M˜ + i σ˜bζ
(
ab + iDˆ
−
b C
)
,
δM = 2ζ˜ λ˜+ 2i ζ˜ σ˜a
(
Dˆ−a χ− 2iVˆa χ
)− 2i ζ˜ Ξ˜C ,
δM˜ = 2ζλ+ 2i ζσa
(
Dˆ−a χ˜+ 2iVˆa χ˜
)
+ 2i ζ ΞC ,
δab = i
(
ζσbλ˜+ ζ˜ σ˜bλ
)
+ ζ
(
Dˆ−b χ+ iV
aσbσ˜aχ
)
+ ζ˜
(
Dˆ−b χ˜− iV aσ˜bσaχ˜
)
,
δλ = iζD + 2σabζ
(
Dˆ−a ab + 2iVˆaab −
1
2
ψabχ− 1
2
ψ˜abχ˜
)
+ Ξ(ζχ+ ζ˜χ˜) ,
δλ˜ = −iζ˜D + 2σ˜abζ˜
(
Dˆ−a ab − 2iVˆaab −
1
2
ψabχ− 1
2
ψ˜abχ˜
)
+ Ξ˜(ζχ+ ζ˜χ˜) ,
δD = −ζσb
(
Dˆ−b λ˜− Ξ˜ ab
)
+ ζ˜ σ˜b
(
Dˆ−b λ− Ξ ab
)
+ (ζ ∆χ+ ζ˜ ∆χ˜ ) , (2.19)
where Ξ = −iψab(Sab + iσab r), Ξ˜ = −iψ˜ab(Sab − i σ˜ab r) and ∆ = iFˆ+abSab − i4Rˆ+r.
Two general multiplets can be multiplied using the rules of tensor calculus [6, 12]. These
are reviewed (at vanishing gravitino) in appendix B.1.
We now briefly present some special multiplets obtained imposing the vanishing of at
least one of the components of the general multiplet.
Chiral multiplet. This is defined by the condition χ˜α˙ = 0, leading to a multiplet Φ with
independent components Φ = (φ, ψα, F ). It is embedded in a general multiplet of R-charge
r as
Φ =
(
φ , −
√
2iψα , 0 , −2iF , 0 , −iDˆ−b φ , . . . , i∆φ
)
, (2.20)
where “. . .” denote terms involving gravitino fields, that we will not need.
Anti-Chiral multiplet. It is defined by the condition χα = 0, leading to a multiplet
Φ˜ with independent components Φ˜ =
(
φ˜, ψ˜α˙, F˜
)
. It is embedded in a general multiplet of
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R-charge r as
Φ˜ =
(
φ˜ , 0 ,
√
2i ψ˜α˙ , 0 , 2iF˜ , iDˆ−b φ˜ , . . . , −i∆φ˜
)
. (2.21)
In Lorentzian signature, Φ˜ of R-charge r = −q is the conjugate of Φ with r = q.
Gauge vector multiplet. A gauge vector multiplet in Wess–Zumino gauge, (aµ, λα, λ˜
α˙, D),
has C = M = M˜ = χ = χ˜ = 0. From this, one can construct field strength multiplets Λα
and Λ˜α˙, which carry a fermionic index and are chiral and anti-chiral multiplets, respectively.
Λα is defined as the multiplet whose bottom component is the positive-chirality gaugino λα
of the gauge vector multiplet, while Λ˜α˙ as the multiplet whose bottom component is the
negative-chirality gaugino λ˜α˙. We give explicit formulae in appendix B.2.
Complex linear multiplet. It is obtained from a general multiplet by setting M˜ = 0.
The independent components are (C, χα, χ˜
α˙,M, aµ, λ˜), where aµ is a well-defined one-form.
Later we will need the D component of a complex linear multiplet of vanishing R-charge and
at vanishing gravitino. This reads
D = −(D−)2C + iD− bab + 2V b(ab + iD−b C)− iF+abSabC , (2.22)
and all quantities are evaluated at ψµ = ψ˜µ = 0. A similar type of complex linear multiplet
is obtained by setting M = 0.
“Real” linear multiplet. A “real” linear multiplet L is obtained from a general mul-
tiplet by setting M = M˜ = 0 (the quotation marks indicate that this multiplet is truly real
only in Lorentzian signature). Its independent components are L = (C, χα, χ˜
α˙, aµ), where
aµ is a well-defined one-form. Its embedding in the general multiplet is
L = (C , χα , χ˜
α˙ , 0 , 0 , aµ , . . .) . (2.23)
Moreover the components are subject to a constraint which at vanishing gravitino reads
D− bab + 2V
bD−b C − F+abSabC = 0 . (2.24)
The D component (2.22) then reduces to
D = −(D−)2C + 2 V bab . (2.25)
Spinor derivatives. The spinor derivative operators Dα, D˜α˙ acting on a general multi-
plet S are defined by letting DαS be the multiplet with bottom component χα and D˜α˙S be
the multiplet with bottom component χ˜α˙:
DαS = (χα, . . .) , D˜α˙S =
(
χ˜α˙, . . .
)
. (2.26)
It is straightforward to see that the M component of DαS and the M˜ component of D˜α˙S
vanish, so DαS and D˜α˙S are complex linear multiplets.
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As usual chiral multiplets satisfy D˜α˙S = 0, while anti-chiral multiplet satisfy DαS = 0.
The anti-chiral and chiral projectors are then defined as the squares of each of the spinor
derivatives:
DαDαS = (2iM, 0, . . .) , D˜α˙D˜α˙S =
(
−2iM˜ , . , 0, . . .
)
. (2.27)
It follows from these definitions that if S is a complex linear multiplet with M˜ = 0, then
D˜α˙S is a chiral multiplet. Similarly for a “real” linear multiplet L, D˜α˙L is a chiral multiplet
and DαL is an anti-chiral multiplet.
2.3 Curvature multiplets
From the fields in the gravity multiplet one can define a set of curvature multiplets [14, 12],
which represent the building blocks for the construction of (higher-derivative) supergravity
invariants. These can also be obtained by solving the Bianchi identities in U(1) super-
space [23].
Using gauge symmetries present in the super-Poincare´ algebra, we can start constructing
two gauge vector multiplets. The first, that we call the R-symmetry multiplet V, is associated
with the Abelian gauge symmetry of Aµ. Its components are [6]:
V =
(
Aµ , i σ
abψab , −i σ˜abψ˜ab , 1
4
(
Rˆ + 6 Vˆ 2
))
, (2.28)
where Rˆ is the super-covariantisation of the Ricci scalar R computed from the Levi-Civita
connection, and Vˆ 2 = Vˆ µVˆµ. The second, called the spin connection multiplet, is associated
with the non-Abelian local Lorentz invariance, whose gauge field is the spin connection. It
reads:
Ωab =
(
ω−µab , −2ψab , −2ψ˜ab , 2Fˆ+ab
)
. (2.29)
For each of these gauge vector multiplets, we can build the associated chiral and anti-
chiral field strength multiplets. The field strength multiplets of V, denoted by Tα = Λα(V) ,
T˜ α˙ = Λ˜α˙(V), may be called the chiral and anti-chiral Ricci scalar multiplet (since they contain
the Ricci scalar), while the field strength multiplets of Ωab, denoted by Tabα = Λα(Ωab) ,
T˜ α˙ab = Λ˜
α˙(Ωab) , may be called the Riemann multiplets (as they contain the Riemann tensor).
The expression of the Ricci scalar multiplets is
Tα =
(
i
(
σabψab
)
α
, − 1√
2
Fˆab σ
ab
αβ +
i
4
√
2
(
Rˆ + 6Vˆ 2
)
εαβ , −
(
σabσcDˆ−c ψ˜ab
)
α
)
,
T˜ α˙ =
(
−i(σ˜abψ˜ab)α˙ , − 1√
2
Fˆab σ˜
ab α˙β˙ − i
4
√
2
(
Rˆ + 6Vˆ 2
)
εα˙β˙ ,
(
σ˜abσ˜cDˆ−c ψab
)α˙)
, (2.30)
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while the Riemann multiplets read
Tab α =
(
−2ψab α , − 1√
2
Rˆ+abcdσ
cd
αβ +
√
2iFˆ+ab εαβ , −2i
(
σcDˆ−c ψ˜ab
)
α
)
,
T˜ α˙ab =
(
−2ψ˜α˙ab , −
1√
2
Rˆ+abcd σ˜
cd α˙β˙ −
√
2iFˆ+ab ε
α˙β˙ , −2i(σ˜cDˆ−c ψab)α˙
)
. (2.31)
From the gravity multiplet one can also construct a real linear multiplet with a frame
index, Ea, having Vˆa as bottom component. This is called the Einstein multiplet as its top
component contains the Einstein tensor. Its full expression is
Ea =
(
Vˆa , − i
2
ǫabcd σ
bψ˜cd ,
i
2
ǫabcd σ˜
bψcd ,
1
2
Eˆ−ab −
i
2
ǫabcdFˆ
+cd
)
, (2.32)
where
Eˆ−ab = Rˆ
−
ab −
1
2
gabRˆ
− (2.33)
is the supercovariantized Einstein tensor of the connection ω−. This real linear multiplet can
be embedded into a general multiplet, and later we will need its D component at vanishing
gravitino, ψµ = ψ˜µ = 0. One can check that this is given by
D[Ea] = −∇2Va + E−abV b + i ǫabcdV b
(∇cV d − F+cd) . (2.34)
Throughout this paper ∇ denotes the standard Levi-Civita connection.
The Riemann multiplet admits a decomposition into irreducible multiplets, realising at
the multiplet level the Ricci decomposition of the Riemann tensor into the Weyl tensor, the
Einstein tensor and the Ricci scalar. This is obtained as follows. As a first thing, one can
check that the sigma-trace part of the Riemann multiplet is the Ricci scalar multiplet:
T = − i
2
σab Tab , T˜ =
i
2
σ˜ab T˜ab . (2.35)
Then one can introduce the projectors
Σabcd = −1
6
(3 σcdσab + σabσcd) , Σ˜abcd = −1
6
(3 σ˜cdσ˜ab + σ˜abσ˜cd) , (2.36)
satisfying σ˜aΣabcd = 0, σ
aΣ˜abcd = 0 . These define new multiplets
Wab = ΣabcdT
cd
=
1
2
(
Tab + ∗Tab + 4i
3
σabT
)
,
W˜ab = Σ˜abcdT˜
cd
=
1
2
(
T˜ab − ∗T˜ab − 4i
3
σ˜abT˜
)
, (2.37)
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name symbol type ∆ r equal to
R-symmetry V gauge vector 0 0
spin connection Ωab gauge vector 0 0
Einstein Ea real linear 1 0
Riemann
Tab α
T˜ α˙ab
chiral
anti-chiral
3/2
1
−1
Λα(Ωab)
Λ˜α˙(Ωab)
Ricci scalar
Tα
T˜ α˙
chiral
anti-chiral
3/2
1
−1
− i
2
(
σabTab
)
α
, Λα(V)
i
2
(
σ˜abT˜ab
)α˙
, Λ˜α˙(V)
Weyl
Wabα
W˜ α˙ab
chiral
anti-chiral
3/2
1
−1
(
ΣabcdT
cd
)
α(
Σ˜abcdT˜
cd
)α˙
spinor derivative
Dα
D˜α˙
- 1/2
−1
1
Table 1: Curvature multiplets of new minimal supergravity, with their mass dimension ∆
and R-charge r.
satisfying the (anti-)self-duality conditions ∗Wab = Wab and ∗W˜ab = −W˜ab, as well as
σ˜aWab = σ
aW˜ab = 0 . These are the chiral and anti-chiral Weyl multiplets, and read
Wabα =
(
− 2Σabcdψcdα ,− 1√
2
(
Cˆabcd +
4i
3
Gˆc[agb]d
)
σcdαβ +
√
2i
3
(
Gˆab + ∗Gˆab
)
εαβ
−2i(ΣabcdσeDˆ−e ψ˜cd)α
)
,
W˜ α˙ab =
(
− 2Σ˜abcdψ˜cd α˙ ,− 1√
2
(
Cˆabcd − 4i
3
Gˆc[agb]d
)
σ˜cd α˙β˙ −
√
2i
3
(
Gˆab − ∗Gˆab
)
εα˙β˙
−2i(Σ˜abcdσ˜eDˆ−e ψab)α˙
)
, (2.38)
where Cabcd is the Weyl tensor (defined in (A.13)), while G = dA− 32dV is the field strength
of the gauge field appearing in conformal supergravity, and again a hat denotes supercovari-
antisation by gravitino terms whose precise form we will not need.
Finally, recall that since Ea is real linear, the multiplet D˜Ea = ( i2ǫabcdσ˜bψcd , . . .) is
chiral, while DEa = (− i2ǫabcdσbψ˜cd , . . .) is anti-chiral. In this way, we arrive at the following
decomposition of Tab into its irreducible pieces:
Tab = Wab +
4i
3
σabT + iǫabcd σ
cD˜Ed , (2.39)
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and similarly for T˜ab . We also have the relations
T =
1
2
σaD˜Ea , T˜ = −1
2
σ˜aDEa (2.40)
and
D T = D˜ T˜ . (2.41)
In Table 1 we provide a summary of the different curvature multiplets introduced in this
section, with some of their inter-relations. For later convenience, we also list their mass
dimension ∆ and R-charge r, which are defined as the mass dimension and R-charge of the
respective bottom components. It is also worth noticing that the spinor derivative DS of
a multiplet S with mass dimension ∆ and R-charge r has mass dimension ∆ + 1/2 and
R-charge r − 1, while D˜S has mass dimension ∆ + 1/2 and R-charge r + 1.
2.4 Supersymmetric actions
We now discuss the different possibilities for obtaining supersymmetric actions. These can
be constructed as the superspace integral of a given multiplet.5 Since eventually we are
interested in bosonic backgrounds, we will explicitly provide only their bosonic parts. The
complete expressions (in Lorentzian signature) can be found in [6, 12].
D-terms
Given a general multiplet S of mass dimension ∆, R-charge r = 0 and whose bottom
component is a scalar, a supersymmetric action is defined by the superspace integral
SD = Λ
2−∆
∫
d4x d2θ d2θ˜ E S , (2.42)
where E is the supervielbein determinant and Λ is a constant with the dimension of a mass.
Its bosonic part is
SD, bos = Λ
2−∆
∫
d4x eLD,bos , (2.43)
where the bosonic Lagrangian reads
LD,bos = D − 2 aµV µ . (2.44)
F -terms and F˜ -terms
Given a chiral multiplet Φ of mass dimension ∆ and R-charge r = 2 , a supersymmetric
action is obtained from the half-superspace integral
SF = Λ
3−∆
∫
d4x d2θ E Φ , (2.45)
5Although we do not really use the superspace formalism in this paper, it appears useful to give the action
formulae in superspace before specifying their components.
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where E is the supervielbein determinant for F -term actions. The bosonic part reads
SF,bos = Λ
3−∆
∫
d4x eLF,bos , (2.46)
with
LF,bos = F . (2.47)
Similarly, for an anti-chiral multiplet Φ˜ of mass dimension ∆ and R-charge r = −2 , we
can define the supersymmetric action
SF˜ = Λ
3−∆
∫
d4x d2θ˜ E˜ Φ˜ . (2.48)
Its bosonic part reads
S
F˜ , bos = Λ
3−∆
∫
d4x eL
F˜ ,bos , (2.49)
with
LF˜ , bos = F˜ . (2.50)
Given the field strength multiplets Λα and Λ˜
α˙ of a gauge vector multiplet, the F -term La-
grangian LF
[
Tr(Λ2)
]
yields the self-dual Yang–Mills Lagrangian, while LF˜
[
Tr(Λ˜2)
]
gives the
anti-self-dual Yang–Mills Lagrangian; see appendix B.2. From the formulae in appendix B.2
one can see that LF
[
Tr(Λ2)
]−L
F˜
[
Tr(Λ˜2)
]
is locally a total divergence term.
There is a relation between the D-term Lagrangian of a general multiplet S = (C, . . . )
with r = 0 and the F - and F˜ -term Lagrangians of its chiral and anti-chiral projections
D˜2S = (2M˜, . . .) and D2S = (2M, . . .). For bosonic C, this reads
LF
[D˜2S] = 2iLD[S] + 2∇µ(aµ + i∇µC + 2CVµ) + fermions , (2.51)
L
F˜
[D2S] = −2iLD[S] + 2∇µ(aµ − i∇µC + 2CVµ) + fermions . (2.52)
3 Construction of counterterms
In this section we discuss local supersymmetric Lagrangians up to mass dimension four. We
are first of all interested in those having precisely dimension four, as the respective actions
play the role of finite counterterms in the field theory that is obtained by taking the rigid
limit of supergravity. These are invariant under global scale transformations, but do not need
to be Weyl invariant. On the other hand, supersymmetric Lagrangians of lower dimension
define dimensionful counterterms that may be used to renormalise the theory.
We first analyse the supersymmetric invariants that are made solely of the fields in the
new minimal gravity multiplet. These are universal counterterms that exist for any four-
dimensional supersymmetric field theory with an R-symmetry (so that it can be coupled to
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new minimal supergravity). Since we require gauge and diffeomorphism invariance, we can
use the curvature multiplets of section 2.3 as building blocks for our supersymmetric terms.
In the last part of this section, we shall consider additional matter multiplets, allowing
to define further, non-universal counterterms.
3.1 Marginal terms
Marginal supersymmetric invariants are either F -type actions constructed from chiral mul-
tiplets with (∆, r) = (3, 2), or F˜ type actions constructed from anti-chiral multiplets with
(∆, r) = (3,−2), or D-type actions constructed from supermultiplets with (∆, r) = (2, 0).
We will classify the terms constructed with the curvature multiplets introduced in section 2.3.
Let us study the F -type and F˜ -type Lagrangians leading to marginal counterterms. For
the F -terms, a priori there are several possibilities obtained contracting two multiplets out
of T, Wab, D˜Ea with sigma matrices and the antisymmetric symbol ǫabcd .6 However, only
three of these contractions are independent; this can be seen by observing that all such terms
are chiral multiplets whose bottom component is a bilinear of ψab, and the only independent
possibilities are ψabψ
ab, ǫabcdψabψcd and ψ
abσbcψ
c
a. We choose to work with the convenient
combinations T 2, WabW
ab and Tab ∗T ab. The analysis of the F˜ -terms is exactly the same,
the conclusion being that there are only three independent terms, that can be chosen to be
T˜ 2, W˜abW˜
ab and T˜ab ∗T˜ ab.
We can now evaluate the independent terms identified above on a generic bosonic back-
ground. The multiplets are multiplied using appendix B, in particular the square of a field
strength multiplet can be evaluated via eq. (B.3). It is convenient to present the Lagrangians
LF and LF˜ in the combinations LF + LF˜ and LF − LF˜ . After setting ψµ = ψ˜µ = 0, for T 2
and T˜ 2 we obtain:
LF
[
T 2
]
+ LF˜
[
T˜ 2
]
= FabF
ab − 1
8
(
R + 6 V 2
)2
,
LF
[
T 2
]− L
F˜
[
T˜ 2
]
= Fab ∗F ab . (3.1)
The first provides a supersymmetrisation of R2, while the second is a simple topological
term. For Tab ∗T ab and T˜ab ∗T˜ ab, we have
LF
[
Tab ∗T ab
]
+ LF˜
[
T˜ab ∗T˜ ab
]
= R+abcd ∗R+abcd − 8F+ab ∗F+ab
= P + 4i∇a (RVa − 2RabV b + 2V 2 Va − ǫabcdV b∇cV d)
−8Fab ∗F ab + 16 ǫabcd∇aV b(F cd −∇cV d)
= P − 8Fab ∗F ab + tot. der. , (3.2)
6There is also D˜2(DT ) but this vanishes due to relation (2.41).
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and
LF
[
Tab ∗T ab
]− LF˜ [T˜ab ∗T˜ ab] = R−abcd(∗R−∗)abcd
= E + 8∇b
(
Va∇aV b
)
= E + tot. der. . (3.3)
The former contains the Pontryagin density
P = Rabcd ∗Rabcd , (3.4)
while the latter contains the Euler density
E = Rabcd ∗R∗ abcd = RabcdRcdab − 4RabRba +R2 (3.5)
(in these definitions, we are omitting the vielbein determinant that makes them actual den-
sities). In these two definitions, Rabcd is the Riemann tensor of the Levi-Civita connection.
The contractions of Riemann tensors with torsion R±abcd have been expressed using formulae
in appendix A.3. Here and in the following, by “tot. der.” we denote the derivative of a
globally defined quantity, that integrates to zero on a compact manifold with no boundary.
Finally, the square of the Weyl multiplets reads
LF
[
WabW
ab
]
+ L
F˜
[
W˜abW˜
ab
]
= CabcdC
abcd − 8
3
GabG
ab ,
LF
[
WabW
ab
]− L
F˜
[
W˜abW˜
ab
]
= Cabcd ∗Cabcd − 8
3
Gab ∗Gab
= P − 8
3
Gab ∗Gab
= P − 8
3
Fab ∗F ab + tot. der. . (3.6)
The former expression supersymmetrises the square of the Weyl tensor, while the latter is
again a supersymmetrisation of the Pontryagin density.
It may be useful to notice that two further obvious terms such as TabT
ab and D˜EaD˜Ea
can be re-expressed as a linear combination of the three independent terms above by using
the following relations between supermultiplets, which are implied by the decomposition of
the Riemann multiplet given in (2.39):
TabT
ab = WabW
ab +
8
3
T 2 − 4 D˜EaD˜Ea ,
TabT
ab + Tab ∗T ab = 2WabW ab − 8
3
T 2 , (3.7)
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with similar relations holding for the respective anti-chiral multiplets. For TabT
ab and T˜abT˜
ab
we get
LF
[
TabT
ab
]
+ LF˜
[
T˜abT˜
ab
]
= R−abcdR
−abcd − 8F+abF+ab ,
LF
[
TabT
ab
]−LF˜ [T˜abT˜ ab] = 12R−abcd ∗R−abcd , (3.8)
where the curvatures of the connection with torsion again can be expressed using formulae
in appendix A.3. A term equivalent to LF [D˜EaD˜Ea] and LF˜ [DEaDEa] will be presented
shortly.
Note that all Lagrangians above of the type LF − LF˜ are topological densities. This
is related to the fact that the difference between the chiral and the anti-chiral Yang–Mills
Lagrangian of a gauge vector multiplet is locally a total derivative [12].
We now come to marginal gauge-invariant D-type actions. The possible multiplets with
(∆, r) = (2, 0) are EaE
a, DT and D˜T˜ .7 However DT and D˜T˜ are complex linear multiplets,
hence their D-term Lagrangian is a total derivative that integrates to zero on a manifold
with no boundary. This can be seen from eq. (2.22), taking C to be a scalar and r = 0. The
remaining possibility, namely LD[EaEa], is related to the F -term of D˜EaD˜Ea = 12 D˜2(EaEa)
through relation (2.51). Since the derivative term in (2.51) integrates to zero in this case,
the action obtained from LD[EaEa] is the same as the one following from LF [D˜EaD˜Ea]. An
explicit evaluation starting from (2.32) and using the formulae in appendix A.3 gives the
bosonic Lagrangian
LD[EaEa] = −1
4
[
R−abR
−ab + 8V aVa + 4∇aVb∇aV b − 4F+abF+ab − 2i ǫabcdF+abR−cd
]
= −1
4
[
RabR
ab + 4RV 2 − 12∇[aVb]∇aV b + 12V 4 − 4FabF ab + 8Fab∇aV b
]
+ tot. der. , (3.9)
which gives a supersymmetrisation of RabR
ab not independent of the terms given above.
To summarise, we have obtained six independent supersymmetric Lagrangians satisfying
the requirements; these are given in eqs. (3.1)–(3.6). However, one combination is a total
derivative of a globally defined quantity, and we will discard it. In Lorentzian signature,
these supersymmetric terms quadratic in the curvature were already given in [14] at the
linearised level in the supergravity fields, and in [12, 15] at the non-linear level.8 We do not
find additional independent terms. Integrating on a compact manifold with no boundary we
obtain the five marginal actions given in eq. (1.1).
7There are also DσaD˜Ea and D˜σ˜aDEa, but these are redundant due to relations (2.40).
8The Lorentzian counterparts of the LF +LF˜ and LF −LF˜ Lagrangians are the real and imaginary parts
of the F -term Lagrangian. In Euclidean signature this is not necessarily the case as all bosonic fields can be
complex.
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3.2 Dimensionful terms
A priori, the possibilities are Lagrangians of mass dimension two and zero. A dimension
zero Lagrangian would be a supersymmetrisation of the cosmological constant, which how-
ever does not exist in new minimal supergravity; this is due to the interplay between su-
persymmetry and R-symmetry [5, 6]. For the field theories obtained as a rigid limit of new
minimal supergravity, this indicates the absence of quartic divergences in supersymmetric
observables.
At mass dimension two, we did not find neither an F - or F˜ -term Lagrangian, nor a
D-term Lagrangian of a globally defined multiplet that can be constructed respecting the
requirements. The only term that is obtained using just the fields in the gravity multiplet is
the D-term of the R-symmetry gauge vector multiplet V, which corresponds to the Einstein–
Hilbert term of new minimal supergravity [5]. Indeed, plugging aµ = Aµ, D =
1
4
(R+6VµV
µ)
in (2.44), we obtain
LD[V] = 1
4
(R + 6VµV
µ − 8AµV µ) , (3.10)
which is the bosonic part of the EH term. Notice that because ∇µVµ = 0, the EH action
(1.2) is invariant under gauge transformations of the background field A.
3.3 Additional background fields
We now consider gauge vector multiplets and chiral multiplets in addition to the gravity
multiplet and construct more invariant actions. Let us assume that these fields are not
path integrated over in the field theory obtained by taking the rigid limit of new minimal
supergravity, so that they reduce to background fields and the respective invariant actions
play the role of counterterms rather than kinetic or superpotential terms of dynamical fields.
The D-term of a background Abelian gauge vector multiplet (aµ, λ, λ˜, D) (coupling to a
flavor supercurrent) defines a dimension two supersymmetric Lagrangian (since the gauge
vector has mass dimension one), corresponding to a standard background FI term in curved
space. Its bosonic part reads as in (2.44). Moreover, from any gauge vector multiplet one can
define the field strength chiral multiplet and then the associated supersymmetric Yang–Mills
and topological actions. The F - and F˜ -term Lagrangians have mass dimension four, and
their bosonic parts are:
LF + LF˜ = fµνfµν − 2D2 ,
LF − LF˜ = fµν ∗fµν , (3.11)
where fµν = 2D[µaν] is the field strength of aµ. It is straightforward to extend this to more
background vector multiplets by pairing up the respective field strength multiplets via the
multiplet tensor calculus (see appendix B.2).
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This also provides mixed gravity-gauge invariants: multiplying the Ricci scalar multiplet
T (recall that it is the field strength multiplet of the R-symmetry gauge vector multiplet V)
with the field strength multiplet of an arbitrary Abelian gauge vector multiplet via eq. (B.4),
we obtain the bosonic Lagrangians:
Lgravity-gauge, F + Lgravity-gauge, F˜ = Fµνfµν −
1
2
(
R + 6 V 2
)
D ,
Lgravity-gauge, F −Lgravity-gauge, F˜ = Fµν ∗fµν . (3.12)
If background chiral multiplets are introduced, there are several further counterterms one
can construct. An example is the supersymmetrisation of the coupling Eµν∂
µφ∂ν φ˜ between
the Einstein tensor and a chiral multiplet presented in [24]. In section 5 we will say more
about counterterms constructed with no derivatives of chiral fields.
4 Vanishing results on supersymmetric backgrounds
In this section we show that the supersymmetric counterterms largely trivialise on a bosonic
background preserving supersymmetry.
4.1 Supersymmetric backgrounds
Review of implications of δψµ = δψ˜µ = 0
A bosonic background preserves supersymmetry if besides setting all fermions to zero, we
impose that their supersymmetry variations also vanish. This constrains the bosonic fields.
In particular, setting δψµ = δψ˜µ = 0 in (2.9), and recalling (2.7), we obtain the equations
(∇µ − iAµ) ζ + iVµζ + iV νσµνζ = 0 , (4.1)
(∇µ + iAµ) ζ˜ − iVµζ˜ − iV ν σ˜µν ζ˜ = 0 . (4.2)
A non-zero solution (“Killing spinor”) ζ to the first equation, or ζ˜ to the second equation,
determines a supercharge for the field theory defined on the background specified by the
profile of the fields eaµ, Aµ, Vµ entering in the equation [4]. Here we will assume that the
vielbein, and thus the metric, take real values. It was showed in [19, 20] that a necessary and
sufficient condition for the existence of at least one non-zero solution to (4.1) or (4.2) is that
the four-manifold is complex and the metric Hermitian. For a solution ζ to eq. (4.1), the
complex structure is given by the spinor bilinear Jµν =
2i
|ζ|2
ζ†σµνζ . One can also introduce
a complex two-form as Pµν = ζσµνζ , of type (0, 2) with respect to J
µ
ν . It can be proven [20]
that in an appropriate frame, the spinor solution can be expressed in terms of a complex
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function s as ζα =
√
s
2
(
0
1
)
, and the supergravity auxiliary fields are determined by
Vµ = −1
2
∇νJνµ + Uµ , (4.3)
Aµ = A
c
µ −
1
4
(δνµ − iJµν)∇ρJρν +
3
2
Uµ , (4.4)
where Acµ is defined as
Acµ =
1
4
Jµ
ν∂ν log
√
g − i
2
∂µ log s , (4.5)
g being the determinant of the metric in complex coordinates. The background fields contain
an arbitrariness parametrised by the choice of vector field Uµ, which is constrained to be
holomorphic, namely JµνU
ν = i Uµ, and to obey ∇µUµ = 0.
The analysis is completely analogous for a solution ζ˜ to (4.2), with the complex structure
being given by J˜µν =
2i
|ζ˜|2
ζ˜ † σ˜µν ζ˜ ; see [20] for more details.
When there exist both a non-zero solution ζ to (4.1) and a non-zero solution ζ˜ to (4.2),
the field theory has two supercharges of opposite R-charge. In addition to two complex
structures, Jµν , J˜
µ
ν , associated with ζ and ζ˜ respectively, in this case one can introduce the
complex vector field
Kµ = ζσµζ˜ . (4.6)
This is Killing and holomorphic with respect to both complex structures. If Kµ commutes
with its complex conjugate, Kν∇νKµ − Kν∇νKµ = 0, then the vector field Uµ above is
restricted to take the form Uµ = κKµ, where κ is a complex function whose only constraint
is to satisfy Kµ∂µκ = 0.
One supercharge
We now analyse the supersymmetry conditions for a general multiplet. A similar analysis
has been performed in [21] using twisted variables.
Let us assume that the background admits a solution ζ to eq. (4.1), while ζ˜ = 0 , and
consider a general multiplet whose bottom component C is an uncharged scalar, so that we
can construct a D-term action. The supersymmetry conditions following from the variations
(2.19) impose M = 0, leave M˜ arbitrary, and give the equations
σ˜µζ (iaµ − ∂µC) = 0 ,
i σµνζ fµν = ζD , (4.7)
where here fµν = 2∂[µaν] . The first tells that the vector a
µ + i ∂µC is holomorphic with
respect to the complex structure Jµν . The second is equivalent to
D =
1
2
Jµνfµν , P
µνfµν = 0 , (4.8)
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and implies
D2 =
1
2
fµνf
µν +
1
2
fµν ∗fµν . (4.9)
Then the D-term action (2.43) evaluates to
SD =
∫
d4x e
(
1
2
Jµνfµν − 2 aµV µ
)
=
∫
d (J ∧ a)− 2
∫
d4x e aµU
µ , (4.10)
where we have used the expression (4.3) for V . We are assuming that the manifold is
compact with no boundary, so that we can integrate by parts. Since the contraction of two
holomorphic vectors vanishes, it holds that
(aµ + i ∂µC)U
µ = 0 , (4.11)
and using ∇µUµ = 0, the D-term action further simplifies to9
SD =
∫
d4x e∇µ(Jµνaν + 2i CUµ) . (4.12)
As long as the multiplet does not have gauge redundancies, the term in parenthesis is globally
defined, hence SD vanishes on a compact manifold with no boundary.
If instead we have an Abelian gauge vector multiplet, the conclusions are different. When
working in Wess–Zumino gauge, the supersymmetry transformations are given by a combina-
tion of the transformations inherited from the general multiplet, and a gauge transformation
needed to restore the gauge condition. The constraints imposed by supersymmetry are only
δζλ = δζ λ˜ = 0, leading just to the second equation in (4.7), and therefore to (4.8), (4.9).
Nevertheless, the condition P µνfµν = P
µν∂µaν = 0 can be expressed as ∂[iaj] = 0, where i, j
are holomorphic indices with respect to the complex structure J , and implies that locally
there is a function C(z, z¯) such that ai = −i ∂iC. It follows that
aµU
µ = aiU
i = −i ∂iC U i = −i ∂µC Uµ = −i∇µ(C Uµ) , (4.13)
where in the first and third equalities we used U ı¯ = 0 . Thus the D-term action again takes
the form (4.12). However, in this case aµ and C do not need to be globally defined, hence
the action may be non-zero.
For a chiral multiplet Φ, the supersymmetry conditions boil down to F = 0 , while the
bottom component φ is unconstrained. If we have an anti-chiral multiplet, supersymmetry
just imposes that the vector Dµφ˜ is holomorphic with respect to J , while F˜ is unconstrained.
9This can equivalently be expressed as SD =
∫
d4x e i∇µ(aµ + i∂µC + 2CVµ) .
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Then the F -term Lagrangian vanishes identically on a supersymmetric background, while
the F˜ -term is unconstrained:10
LF = 0 , LF˜ arbitrary . (4.14)
If we consider the chiral and anti-chiral field strength multiplets Λα and Λ˜
α˙ of a gauge
vector multiplet, we obtain that the chiral Yang–Mills Lagrangian LF
[
TrΛ2
]
vanishes,11
LF
[
Tr(Λ2)
] ≡ 1
2
fµνf
µν +
1
2
fµν ∗fµν −D2 = 0 , (4.15)
implying that the anti-chiral Yang–Mills Lagrangian LF˜
[
Tr Λ˜2
]
becomes a topological term:
LF˜
[
Tr(Λ˜2)
]
= −fµν ∗fµν . (4.16)
This generalises to Yang–Mills Lagrangians constructed by pairing different field strength
multiplets in a straightforward way.
If the situation is reversed, namely if we have a supercharge associated with ζ˜, while
ζ = 0, then the D-term action evaluates to
SD =
∫
d4x e∇µ(− J˜µνaν − 2i CUµ) , (4.17)
which again vanishes for a general multiplet, while in general is non-zero for a gauge vector
multiplet. This time the F˜ -term Lagrangian vanishes, while the F -term is unconstrained:
L
F˜
= 0 , LF arbitrary . (4.18)
In particular, the chiral and anti-chiral Yang–Mills Lagrangians evaluate to
L
F˜
[
Tr(Λ˜2)
] ≡ 1
2
fµνf
µν − 1
2
fµν ∗fµν −D2 = 0 , (4.19)
LF
[
Tr(Λ2)
]
= fµν ∗fµν . (4.20)
Two supercharges of opposite R-charge
We consider now a bosonic background admitting two supercharges of opposite R-charge. It
is important that the ζ and the ζ˜ transformations can be performed independently.12 Clearly
this case entails more constraints compared to the one supercharge case, however these do
not introduce major changes in the evaluation of the D-term action: again this vanishes for
10We also notice that plugging this vanishing result in (2.51), we recover the expression for the D-term
Lagrangian on a supersymmetric background given in footnote 9.
11This is just the same as condition (4.9).
12This is not the case in old minimal supergravity, see appendix C for a comparison.
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a general multiplet, while for an Abelian gauge vector multiplet is generically non-zero and,
if the complex Killing vector K introduced in (4.6) commutes with its complex conjugate,
reads
SD =
∫
d (J ∧ a)− 2
∫
d4x e κ aµK
µ
=
∫
d4x e∇µ(Jµνaν + 2i C κKµ) . (4.21)
For a chiral multiplet, supersymmetry requires F = 0 and that the vector Dµφ is holo-
morphic with respect to J˜ . For an anti-chiral multiplet, F˜ = 0 and Dµφ˜ is holomorphic with
respect to J . Since F = F˜ = 0, both the F - and F˜ -term Lagrangians vanish:
L
F˜
= 0 , LF = 0 . (4.22)
In particular, both the chiral and anti-chiral Yang–Mills Lagrangians of a gauge vector
multiplet vanish, implying
D2 − 1
2
fµνf
µν = 0 , fµν ∗fµν = 0 . (4.23)
4.2 Consequences for counterterms
The analysis above shows that if we have one supercharge associated with a Killing spinor ζ ,
then the only non-vanishing counterterms can be FI terms, i.e. D-term actions for Abelian
gauge vector multiplets, taking the form (4.10) (or equivalently (4.12)), or F˜ -terms. Sim-
ilarly, if we have one supercharge associated with a Killing spinor ζ˜, then the only non-
vanishing counterterms can be FI terms, or F -terms. If the background admits both a
Killing spinor ζ and a Killing spinor ζ˜, i.e. two supercharges of opposite R-charge, then only
FI terms can be non-zero.
In particular, for the pure gravity terms given in section 3.1, existence of one supercharge
implies the relations
P − 8Fab ∗F ab + tot. der. = ±E + tot. der. ,
CabcdC
abcd − 8
3
GabG
ab = ±P ∓ 8
3
Gab ∗Gab ,
FabF
ab − 1
8
(
R + 6 V 2
)2
= ±Fab ∗F ab , (4.24)
where recall that Gab ∗Gab = Fab ∗F ab + tot. der., and where the upper sign holds if we have
a Killing spinor ζ˜, while the lower sign holds if we have a Killing spinor ζ .13 If we have both
ζ and ζ˜, then the left and right hand sides vanish separately.
13The first and second relations were already noted in [13].
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Therefore we obtain the following relations between the marginal counterterms defined
in eq. (1.1):
SP − 8SF = ±SE ⇔ 3 σ − ν = ± 2χ ,
SC2 = ±SP ∓ 8
3
SF ⇔ SC2 = ± 16π2
(
3 σ − 1
3
ν
)
,
SR2 = ±SF ⇔ SR2 = ± 2π2ν , (4.25)
where we recall that the Euler characteristic of the manifold is given by χ(M) = 1
32pi2
∫
d4x e E ,
the signature is σ(M) = 1
48pi2
∫
d4x eP, while ν is defined as ν = 1
2pi2
∫
d4x eFµν ∗F µν . Again,
if there are two supercharges, the left and right hand sides vanish separately, so that one has
SC2 = SR2 = 0, together with the topological constraints χ = σ = ν = 0.
We will discuss the ambiguities arising from non-zero F - or F˜ -terms in the one super-
charge case in section 5.
We now consider the FI terms. As we saw, these include the EH term (3.10), which can
be thought as an FI term for the R-symmetry gauge vector multiplet V. Let us focus on
this term for definiteness, the discussion for FI terms of background non-R gauge multiplets
being analogous. Since the last term in (3.10) can be written as
∫
A ∧ H and is thus a
Chern–Simons term involving the background R-symmetry gauge field, the use of the EH
action as a counterterm is insidious. Being a Lagrangian of dimension two, its integral
must be multiplied by a parameter Λ2, where Λ has the dimension of a mass, leading to
(1.2). In the perspective of constructing a counterterm, if Λ is a coupling constant in the
Lagrangian, it may be thought of as the VEV of a background multiplet [16]. In particular,
if Λ becomes a space-dependent field then the EH term is not invariant under R-symmetry
gauge transformations, and we conclude that it cannot be used as a counterterm. For
example, this applies to the discussion of ambiguities in section 5.3 below. On the other
hand, if Λ is a UV cut-off scale in a regularisation scheme, it is less clear whether it is
correct to promote it to a background field. In this case it is more difficult to conclude if the
EH term can be used to remove quadratic divergences or not; however, if these quadratic
divergences arise, our analysis shows that this is the only term that can renormalise them.
We will discuss the EH action further in section 4.3.
As a final remark, we observe that δψab = 0, δψ˜ab = 0, arising as supersymmetry condi-
tions for the Riemann multiplets, are equivalent to the integrability conditions of equations
(4.1), (4.2). The projections by σab and Σabcd are supersymmetry conditions for the Ricci
scalar multiplet and for the Weyl multiplet, respectively. The latter coincides with the
integrability condition of the charged conformal Killing spinor equation analysed in [13].
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4.3 Evaluation of the Einstein–Hilbert term
Assuming the existence of a solution ζ to eq. (4.1), and taking aµ = Aµ into (4.10), the
Einstein–Hilbert action evaluates to
Λ−2 SEH = 2
∫
d (J ∧ A)− 4
∫
d4x eUµAµ
= 2
∫
d (J ∧ Ac)− 4
∫
d4x eUµAcµ , (4.26)
where the second line is obtained by observing that Aµ − Acµ in (4.4) is a globally defined
complex one-form of type (0, 1).
We can make this more explicit by considering for example the family of backgrounds
studied in [25]. Backgrounds in this family have the form M = S1 ×M3, where M3 has
the topology of S3. They preserve two supercharges of opposite R-charge, allow for a very
general metric with U(1)3 symmetry, and are labeled by two real parameters b1, b2, which
determine the complex structure or, equivalently, the complex Killing vector K as
K =
1
2
(
b1
∂
∂ϕ1
+ b2
∂
∂ϕ2
− i ∂
∂τ
)
. (4.27)
Here τ is the coordinate on S1, while ϕ1, ϕ2 are angular coordinates of a torus fibration
over an interval parameterised by ρ ∈ [0, 1], which describes S3. Since K commutes with its
complex conjugate, we have Uµ = κKµ. Moreover in [25] Acµ was chosen globally defined,
hence the first integral in (4.26) evaluates to zero. The gauge14 of Aµ is chosen by requiring
the spinor ζ to be independent of τ , and that Aµ be regular at the poles of S
3. This fixes
Arg(s) = sgn(b1)ϕ1 + sgn(b2)ϕ2. It was also required that K
µ∂µ|s| = 0. Recalling (4.5), it
follows that
4KµAcµ = 2K
µ∂µArg(s) = |b1|+ |b2| , (4.28)
and therefore we can write
SEH = −4Λ2
∫
M
d4x e κKµAcµ
= − (|b1|+ |b2|) Λ2
∫
M
d4x e κ ≡ (|b1|+ |b2|)κM . (4.29)
14Note that although a priori one needs considering large gauge transformations, for the R-symmetry
gauge field generically these do not exist. Firstly, large gauge transformations on a manifold with topology
S1 × S3 must be necessarily along the S1. We then distinguish two cases, depending on whether the
gauge transformation is real or imaginary. Imaginary transformations yield a dependence eτ in the Killing
spinor ζ, which is not well-defined. Real transformations of the type A → A + n dτ , for n ∈ Z, yield a
einrτ dependence in a field with R-charge r, but in a theory with matter fields of generic (i.e. irrational)
R-charges, the periodicity of the fields does not allow for such large gauge transformations.
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Note that the factor |b1| + |b2| has a clear geometrical interpretation, as it corresponds to
the charge of the Killing spinor ζ along K, namely
LKζ = 1
2
(|b1|+ |b2|)ζ . (4.30)
However, the complex parameter κM is completely arbitrary. Thus we conclude that the EH
action evaluates to an arbitrary number, which is different from zero for generic choices of
the arbitrary function κ.
5 Ambiguities in rigid supersymmetry
In this section we consider supersymmetric field theories defined on compact Riemannian
four-manifolds using the rigid limit of new minimal supergravity. We discuss the conse-
quences of our analysis of supergravity invariants on the characterisation of ambiguities in
the field theory partition function. As explained in the introduction, the explicit evalua-
tion of supersymmetric observables, via localization for instance, requires regularisation of
UV divergences. Two choices of supersymmetric regularisation can differ by finite, local
supersymmetric counterterms constructed from the background fields. These comprise the
non-dynamical supergravity fields as well as the various couplings of the field theory which
can be promoted to background matter multiplets. Hence the ambiguities in the parti-
tion function are characterised by the marginal supersymmetric actions built out of such
background multiplets. Since we assume that the field theory can be regularised in a diffeo-
morphism and gauge invariant way, we also require the counterterms to be invariant under
diffeomorphisms and gauge transformations of the background fields.
5.1 Supergravity fields
The vanishing results discussed in section 4 show that the ambiguities depend on the number
of supercharges, or Killing spinors, preserved by the background. We have seen that all
marginal counterterms vanish on backgrounds admitting two supercharges of opposite R-
charge. This implies that there is no ambiguity in the dependence of the partition function
on background supergravity fields.
However on backgrounds admitting only a single Killing spinor, say an anti-chiral spinor
ζ˜, the F˜ -terms vanish, but the F -terms may be non-zero. Let us first discuss the ambiguities
arising from the fields in the gravity multiplet alone. The possible invariant actions are
related by eqs. (4.25), so we end up with only two independent non-vanishing counterterms,
that are topological quantities. Taking them to be the Euler characteristic χ(M) and the
signature σ(M) of the manifold, we get the counterterm
Sctgrav = c1 χ(M) + c2 σ(M) , (5.1)
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where c1, c2 are arbitrary complex numbers. Therefore the ambiguity resulting from S
ct
grav
is simply an overall complex number, except when χ(M) = σ(M) = 0, in which case there
is no ambiguity. An example of complex manifold with χ(M) = σ(M) = 0 and preserving
only one supercharge is the primary Hopf surface of the second type (see e.g. [26]) discussed
in [27].
In the presence of a background gauge vector multiplet, the situation is almost identical.
We can consider the additional marginal counterterms following from integrating (3.11),
as well as the mixed gauge-gravity Lagrangians (3.12). In the presence of a solution ζ˜,
the F˜ -terms vanish and we are left with two non-vanishing counterterms evaluating to the
topological quantities given in the second lines of (3.11) and (3.12). So in this case we have
the extra counterterms, involving the background vector field strength fµν :
Sctbkgd vec = c3
∫
d4x e fµν ∗fµν + c4
∫
d4x e fµν ∗F µν , (5.2)
where c3, c4 are arbitrary complex numbers. We conclude that the ambiguity resulting from
Sctgrav and S
ct
bkgd vec is simply an overall complex number, except when all relevant topological
quantities vanish, in which case there is no ambiguity.
In the presence of coupling constants, promoted to background matter multiplets, possible
additional finite counterterms are given by dimension four Lagrangians built out of the
gravity multiplets and the background multiplets. We consider now the potential ambiguities
resulting from the presence of marginal couplings, FI terms and complex mass terms.
5.2 Marginal couplings
Marginal deformations of supersymmetric theories are F - and F˜ -terms constructed from
(anti-)chiral superfields of mass dimension ∆ = 3 and R-charge r = (−)2. Denoting by τI
the complex marginal couplings associated with the pairs of (anti-)chiral superfields WI , W˜I ,
we can consider the action15
∑
I
(
τI
∫
d4x d2θ E WI + τ¯I
∫
d4x d2θ˜ E˜ W˜I
)
. (5.3)
The Yang–Mills action with complexified Yang–Mills coupling τYM =
4pii
g2
YM
+ θ
2pi
is one example
of such marginal actions. The marginal couplings τI and their complex conjugate τ¯I can
be considered independent16 and can be promoted to background (anti-)chiral superfields
of vanishing R-charge and mass dimension, since constant values of the complex scalar are
15In this section, the superspace integrals denote actions invariant under rigid supersymmetry, so with the
gravitino set to zero.
16In Euclidean supersymmetric theories, the chiral term WI and anti-chiral term W˜I do not need to be
related a priori. In the perspective of the analytical continuation from the Lorentzian case with real action,
they come in “conjugate” pairs WI , W˜I with complex conjugate couplings.
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supersymmetric backgrounds for an (anti-)chiral multiplet with r = 0. Explicitly, we promote
the τI to background chiral multiplets ΦI and the τ¯I to background anti-chiral multiplets Φ˜I .
To address the question of the ambiguities of the partition function, we consider the pos-
sible supersymmetric counterterms that can be constructed out of ΦI , Φ˜I and the curvature
multiplets discussed in the previous sections. These counterterms are F - and F˜ -term actions,
evaluated on the background:
Sctmarg =
∫
d4x d2θ E g(ΦI)Φgrav = g(τI)
∫
d4x eLF [Φgrav] ,
Sct
m˜arg
=
∫
d4x d2θ˜ E˜ g˜(Φ˜I)Φ˜grav = g˜(τ¯I)
∫
d4x eLF˜ [Φ˜grav] , (5.4)
where g is an arbitrary holomorphic function of the ΦI , g˜ is an arbitrary holomorphic func-
tion of the Φ˜J and Φgrav, Φ˜grav denote the chiral and anti-chiral combinations of curvature
multiplets, with mass dimension ∆ = 3 and R-charges r = 2 and r = −2, respectively. The
analysis is just the same as when we only considered pure gravity counterterms, except that
now we stick to them (anti-)holomorphic functions of the marginal couplings.
In the case of two supercharges of opposite R-charge, we have shown that the F - and F˜
actions vanish identically on a supersymmetric background, hence all possible counterterms
vanish and the dependence on τI is unambiguous. In [21] it was explained that in the case of
two supercharges the F - and F˜ -term actions are always Q-exact, meaning that they can be
expressed as the supersymmetry variation of other quantities. This implies that the partition
function does not depend on τI , τ¯I , up to anomalies and counterterms. Here we have shown
that this independence is not spoiled by possible counterterms.
In the case of one supercharge, say ζ˜, only the F˜ actions vanish identically. The depen-
dence on the τ¯I parameters is then unambiguous. It was shown in [21] that the F˜ actions are
Q-exact, implying that the partition function depends holomorphically on the τI couplings,
again up to anomalies and counterterms. We have demonstrated that counterterms do not
spoil this result. On the other hand, the holomorphic dependence on the τI is subject to the
ambiguities due to the F -type counterterms in (5.4). These are constructed with the chiral
curvature multiplets of section 3, whose F -term actions evaluate to only two independent
topological quantities, that can be chosen to be χ(M) and σ(M). We conclude that the
partition function has an ambiguous dependence on the τI parameters characterised by the
counterterms
Sctmarg = g1(τI)χ(M) + g2(τI) σ(M) , (5.5)
where g1, g2 are arbitrary holomorphic functions of the τI .
17 We see that the ambiguity is
17This does not mean that the dependence on the τI is always totally ambiguous. For instance, if the
partition function also depends on geometric parameters (like complex structure moduli [27]), it can be an
intricate function of the marginal parameters and these other parameters, so that the full dependence on the
τI cannot be removed by the counterterms we described.
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removed in the specific case when χ = σ = 0.
This extends to the case when background gauge vector multiplets are present in a
straightforward way: in this case arbitrary functions of the τI multiply the topological terms
in (5.2).
5.3 Relevant couplings
Supersymmetric gauge theories in four dimensions also admit deformations by relevant cou-
plings. Let us show in one example that if these are controlled by parameters that can be
promoted to background multiplets, then we do not find any ambiguities in the dependence
of e.g. the partition function on such parameters.
We consider an Abelian gauge theory (the generalisation to the non-Abelian case being
straightforward) and a pair of chiral multiplets Φ+,Φ− with mass dimension one, opposite
gauge charges and R-charges r+, r− satisfying r++ r− = 2. Then one can build the complex
mass term
Sc.m. = m
∫
d4x d2θ E Φ+Φ− + m¯
∫
d4x d2θ˜ E˜ Φ˜−Φ˜+ , (5.6)
where m is the complex mass, which can be promoted to a chiral multiplet M of vanishing
R-charge and mass dimension ∆ = 1 (similarly, m¯ is promoted to an anti-chiral multiplet
M˜). We find that there is no F - or F˜ -type counterterm one can construct by multiplying
a combination of the curvature multiplets by positive powers of M,M˜. We do not allow
for negative powers of M,M˜, since they would be singular at m = 0, so we do not need to
consider further higher-derivative counterterms. We also do not find any D-type counterterm
that is invariant under local R-symmetry transformations. Generically, with a background
field S of mass dimension two and vanishing R-charge (like M2), one might be tempted
to consider the D-term of SV, where we recall that V is the R-symmetry gauge vector
multiplet, but as already observed in section 4.2 this is not invariant under local R-symmetry
transformations, so we do not allow for it. We conclude that there is no ambiguity in the
dependence on m and m¯, whatever number of supercharges is preserved by the background.
A similar argument may be applied to the parameter appearing in the FI term for a
dynamical Abelian gauge vector multiplet in the field theory. However, in various situations
this parameter has to be quantised, so it is less clear if it can be promoted to a field. The
field theory FI term is given by
SFI = ξ
∫
d4x d2θ d2θ˜ EA = ξ
∫
d4x e (D − 2aµV µ) , (5.7)
where ξ is the FI parameter, with mass dimension two, and A = (aµ, . . . , D) is a dynamical
Abelian gauge multiplet.18 If the gauge group is compact and the four-manifold has non-
trivial homotopy group π1(M) 6= {0}, requiring invariance of the action under large gauge
18FI terms in supersymmetric field theories and supergravity have been thoroughly discussed in [28].
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transformations of aµ imposes the quantisation of ξ (see e.g. [29]). In particular, in the case
when the manifold has topology S1 × S3, with τ ∈ [0, 2π] parametrising the S1, invariance
under the gauge transformation a→ a + dτ 19 leads to the quantisation condition ξ = k ξ0,
with k ∈ Z and
πi ξ−10 =
∫
d4x e V τ . (5.8)
Note that in general this condition depends on the gravity background and in the specific
cases when V vanishes, the FI parameter is a priori not quantised. Moreover (5.8) leads
in general to a complex FI parameter, which is somehow non-standard, however in various
cases, for instance in [25] for theories on S1×S3, it was found that V τ can be chosen purely
imaginary, implying that the FI parameter is real.
When it is not quantised, the FI parameter may be promoted to a field; then the argument
used in the example of the complex mass implies that this does not lead to an allowed
counterterm. When the FI parameter is quantised, it may be meaningful to consider a term
given by ξ0 multiplying the Einstein–Hilbert term, however this product is not the integral
of a local density, hence it does not appear to parametrise an ambiguity.
We can conclude that there are no ambiguities in the dependence of the partition function
on relevant couplings.
6 Implications for anomalies
In this section we discuss the consequences of the relations given in section 4 for the Weyl
anomaly and the chiral anomaly of the R-current and flavor currents, expanding the results
of [13].
We consider an N = 1 superconformal field theory on a general curved four-manifold.
The background gravity multiplet of new minimal supergravity couples to the R-current
multiplet (this contains R-current JµR as well as the energy-momentum tensor Tµν). We also
introduce a background U(1) gauge vector multiplet coupling to the supercurrent of a non-R
flavor symmetry (the generalisation to more than one background gauge vector multiplets
coupling to different flavor supercurrents is straightforward). In a supersymmetric theory
the Weyl and chiral anomalies can be written in terms of supermultiplets. Here we will
provide their bosonic expressions, and discuss the consequences of imposing supersymmetry
of the background.
The Weyl and R-current anomalies read [30, 31, 13]:
〈T µµ 〉 =
c
16π2
(
CµνρσC
µνρσ − 8
3
GµνG
µν
)
− a
16π2
E +
3
32π2
Tr(RF2)
(
fµνf
µν − 2D2) , (6.1)
〈∇µJµR〉 =
c− a
24π2
P +
5a− 3c
27π2
Gµν ∗Gµν + 1
16π2
Tr(RF2)fµν ∗fµν , (6.2)
19Here we assume that the U(1) charges of the matter fields of the theory are integers.
31
where a and c are the central charges of the superconformal theory, expressed in terms of
the ‘t Hooft anomalies for the R-charges R of the fermions as [30] a = 3
32
(3 TrR3 − TrR)
and c = 1
32
(9 TrR3 − 5TrR), while Tr(RF2) is a mixed ’t Hooft anomaly involving the
charges F of the fermions under the flavor symmetry. Moreover, fµν is the field strength
of the background gauge field coupling to the flavor current. The reason why the same
coefficients a, c and Tr(RF2) appear in the Weyl and R-symmetry anomalies is because
the trace of the energy-momentum tensor and the divergence of the R-current are part of
the same supertrace multiplet, and the two equations (6.1), (6.2) arise from a single super-
anomaly equation. Generically also the flavor current acquires anomalous contributions from
the background fields, so that its divergence reads [32]:20
〈∇µJµfl〉 =
1
384π2
Tr(F)
(
P − 8
3
Gµν ∗Gµν
)
+
1
16π2
Tr(RF2)Fµν ∗ fµν + 1
48π2
Tr(F3)fµν ∗fµν .
(6.3)
When the background preserves two supercharges of opposite R-charge, by using the
relations derived in section 4 we obtain that all anomalies above become at most a total
derivative:
〈T µµ 〉 = a tot. der. ,
〈∇µJµR〉 = a tot. der. ,
〈∇µJµfl〉 = 0 , (6.4)
so all anomalies vanish upon integration on a compact manifold with no boundary:∫
d4x e 〈T µµ 〉 =
∫
d4x e 〈∇µJµR〉 =
∫
d4x e 〈∇µJµfl〉 = 0 . (6.5)
When only one supercharge, say the one associated with ζ˜, is preserved, we do not obtain
useful constraints on the chiral anomalies, however we observe that using the relations in
section 4 the Weyl anomaly can be written in terms of topological densities only. Hence
its integral depends on the background fields only through the topology of the respective
bundles: ∫
d4x e 〈T µµ 〉 = 3c σ − 2aχ−
c
3
ν +
3
32π2
Tr(RF2)
∫
d4x e fµν ∗fµν . (6.6)
This extends the results of [13] to the case when background gauge vector multiplets,
coupling to flavor supercurrents, are present.
It is simple to see that the integrated anomalies (6.5), (6.6) are supersymmetric observ-
ables free of ambiguities. For instance, the only supersymmetric counterterm in (1.1) that
can affect 〈T µµ 〉 is SR2 , the others being topological or Weyl invariant. This counterterm
yields a contribution proportional to ∇2(R+6V 2), which vanishes upon integration over the
manifold.
20We are requiring there is no contribution from the dynamical fields in the theory.
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7 Concluding remarks
In this work we have analysed systematically local invariants of new minimal supergravity
in Euclidean signature, that may be used as counterterms for rigid N = 1 supersymmetric
quantum field theories defined on Riemannian four-manifolds.
One of the main outcomes of this analysis is that when evaluated on a background ad-
mitting two supercharges of opposite chirality (and R-charge), all marginal supersymmetric
counterterms vanish, implying that supersymmetric partition functions do not suffer from
scheme-dependent ambiguities. These include the partition functions on Hopf surfaces com-
puted by the authors [25], and their generalisations considered in [33], as well as the partition
function on T2×Σ, where Σ is a Riemann surface. Partial results in the case that Σ = CP 1
have been presented in [34] and [33]. In the case when only one supercharge is preserved,
we have shown that ambiguities arise. However, if χ(M) = σ(M) = 0 (and there are no
background gauge vectors), again all marginal counterterms vanish, leaving an unambiguous
result. As an example, it would be interesting to study the case of Hopf surfaces of second
type [27].
We have found that the only dimension two supersymmetric invariants are FI terms (as
we saw, these include the Einstein–Hilbert term), and discussed some of their features. As
a result, we expect that quadratic divergences in supersymmetry-preserving regularisations
are very constrained.
The fact that finite supersymmetric counterterms vanish in the case of Hopf surfaces
indicates that the supersymmetric Casimir energy defined in [25] is not ambiguous and
therefore is physically significant. It would be interesting to study further this Casimir
energy, in particular to investigate whether one can understand its universal nature, based
on general principles, for example along the lines of [35, 36, 37] and [38].
Finally, it should be interesting to classify supersymmetric counterterms in five and six
dimensional supergravity theories.
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A Conventions and useful identities
We use Greek letters µ, ν, . . . for curved space indices and Latin letters a, b, . . . for frame
indices. We work in Euclidean signature (+ +++). The totally antisymmetric symbol ǫabcd
is normalised as ǫ1234 = 1. For any antisymmetric rank-two tensor tab, we define the Hodge
dual ∗tab = 12ǫabcd tcd.
A.1 Spinors
We adopt a two-component spinor notation: positive chirality spinors carry an undotted
index, as ζα, α = 1, 2, while negative chirality spinors are distinguished by a tilde and carry
a dotted index, as ζ˜ α˙. The Hermitian conjugate spinors are (ζ†)α = (ζα)
∗ , (ζ˜†)α˙ = (ζ˜
α˙)∗,
and the spinor norms are given by |ζ |2 = ζ†αζα and |ζ˜|2 = ζ˜ †α˙ ζ˜ α˙ . We will often omit the
explicit spinor indices.
The Clifford algebra is generated by sigma matrices
σaαα˙ = (~σ,−i12) , σ˜a α˙α = (−~σ,−i12) , (A.1)
where ~σ = (σ1, σ2, σ3) are the Pauli matrices. These satisfy
σaσ˜b + σbσ˜a = −2δab , σ˜aσb + σ˜bσa = −2δab . (A.2)
The matrices
σab =
1
4
(σaσ˜b − σbσ˜a) , σ˜ab = 1
4
(σ˜aσb − σ˜bσa) (A.3)
are self-dual and anti-self-dual, respectively
1
2
ǫabcd σ
cd = σab ,
1
2
ǫabcd σ˜
cd = −σ˜ab . (A.4)
The sigma matrices have the following hermiticity properties
(σa)
† = −σ˜a , (σab)† = −σab , (σ˜ab)† = −σ˜ab , (A.5)
and satisfy
σaσ˜bσc = −δabσc + δacσb − δbcσa + ǫabcdσd ,
σ˜aσbσ˜c = −δabσ˜c + δacσ˜b − δbcσ˜a − ǫabcdσ˜d ,
σabσcd =
1
4
(−ǫabcd − 2δadσbc + 2δacσbd − 2δbcσad + 2δbdσac − δacδbd + δadδbc) ,
σ˜abσ˜cd =
1
4
(+ǫabcd − 2δadσ˜bc + 2δacσ˜bd − 2δbcσ˜ad + 2δbdσ˜ac − δacδbd + δadδbc) ,
σaσ˜bc = −δa[bσc] + 12ǫabcdσd , σ˜aσbc = −δa[bσ˜c] − 12ǫabcdσ˜d . (A.6)
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We take the supersymmetry parameters ζ , ζ˜ to be commuting spinors, with the supersym-
metry variation δζ , δζ˜ being Grassmann-odd operators. On the other hand, the dynamical
spinor fields (including the gravitino) are assumed anti-commuting. Note that this yields a
minus sign when δζ or δζ˜ passes through an anti-commuting spinor. Undotted spinor indices
are raised or lowered acting from the left with the antisymmetric symbols εαβ and εαβ, chosen
such that ε12 = −ε12 = 1; for instance, ζα = εαβζβ and ζα = εαβζβ. The same convention
holds for dotted spinors, using εα˙β˙ and εα˙β˙ . In a spinor bilinear, the indices are contracted
as ζχ = ζαχα and ζ˜ χ˜ = ζ˜α˙ χ˜
α˙. One has the following relations for commuting spinors
ζχ = −χζ , ζ˜ χ˜ = −χ˜ ζ˜ ,
ζσaχ˜ = χ˜ σ˜aζ , ζσabχ = χσabζ ,
(σaζ˜ )χ = −ζ˜ σ˜aχ , (σabζ)χ = −ζσabχ , (A.7)
as well as the Fierz identities
(χ1χ2)(χ˜3χ˜4) = −12(χ1σaχ˜4)(χ2σaχ˜3) ,
(χ1χ2)(χ3χ4) = −(χ1χ3)(χ4χ2)− (χ1χ4)(χ2χ3) . (A.8)
The second identity also holds for dotted spinors. We will also use
(χ1σaχ˜2)σ
ab
α
β = −χ1α(χ˜2σ˜b)β + 1
2
(χ1σ
bχ˜2) δα
β ,
(χ1σaχ˜2)σ˜
ab α˙
β˙ = (σ˜
bχ1)
α˙ χ˜2 β˙ −
1
2
(χ1σ
bχ˜2) δ
α˙
β˙ . (A.9)
In all these Fierz identities, one has to include an extra minus sign whenever the relation
involves swapping two anti-commuting spinors.
A.2 Spin connection and curvature
The standard spinor covariant derivative is given by
∇µζ = ∂µζ − 1
2
ωµabσ
abζ , ∇µζ˜ = ∂µζ˜ − 1
2
ωµabσ˜
abζ˜ , (A.10)
where ωµab is the Levi-Civita spin connection. This has no torsion, ∂[µeν]
a + ω[µ
abeν]b = 0 ,
and is obtained from the vielbein eaµ and its inverse e
µ
a as
ωµ
ab(e) = 2 eν[a∂[µeν]
b] − eν[aeb]ρeµc ∂νecρ . (A.11)
More generally, a spin connection with torsion satisfies ∂[µeν]
a+ ω[µ
abeν]b =
1
2
Tµν
a, where
Tµν
a = −Tνµa is the torsion tensor. The solution to this equation is ωµab = ω(e)µab +Kµab,
where Kµ
ab is the contortion tensor, related to the torsion as Kµνρ =
1
2
(−Tµνρ+Tµρν+Tνρµ) .
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From the spin connection (possibly with torsion) we can construct the Riemann tensor,
Rµνab = ∂µωνab − ∂νωµab + ωµacωνcb − ωνacωµcb . (A.12)
The Ricci tensor and Ricci scalar are defined as Rµν = R
ρ
µρν and R = g
µνRµν , respectively.
One should note that if a connection has torsion, then Rµνρσ 6= Rρσµν , R[µνρ]σ 6= 0 , and
Rµν 6= Rνµ. On the Riemann tensor, ∗Rabcd will mean that the pair of indices being dualised
is the first one, while ∗R∗abcd indicates that the Hodge dual is taken both on the first and
the second pair of indices. The same applies to the Weyl tensor Cµνρσ, which is defined by
Cµνρσ =
1
2
(Rµνρσ + ∗R∗ρσµν)− 1
6
Rgµ[ρgσ]ν
= Rµνρσ − Rµ[ρgσ]ν +Rν[ρgσ]µ + 1
3
Rgµ[ρgσ]ν . (A.13)
For the Levi-Civita connection, it holds that
[∇µ,∇ν ]ζ = −1
2
Rµνabσ
abζ , [∇µ,∇ν]ζ˜ = −1
2
Rµνabσ˜
abζ˜ . (A.14)
A.3 Curvature of ω±
In new minimal supergravity, the connections with torsion ω±µ
ab = ωˆµ
ab ± Hˆµab are used. In
the following, we consider their bosonic part by setting the gravitino terms to zero, which
leaves us with ω±µ
ab = ωµ
ab(e)±Hµab, and express their curvature tensor in terms of the one
associated with the Levi-Civita connection ωµ
ab(e) given in (A.11).
We find:
R±µνρσ = Rµνρσ ∓ 2i∇[µV κǫν]ρσκ − 2
(
VρV[µ gν]σ − VσV[µ gν]ρ − V 2gρ[µgν]σ
)
,
R±µν = Rµν ± i ǫµνρσ∇ρV σ − 2
(
VµVν − gµνV 2
)
,
R± = R + 6 V 2 , (A.15)
where ∇ is the Levi-Civita connection, and Rµνρσ its Riemann tensor, and we recall that Vµ
is related to Hµνρ as in (2.2). The square of these tensors evaluates to
R±µνρσR
±µνρσ = RµνρσR
µνρσ − 4 (2RµνV µV ν −RV 2 + 2∇µVν∇µV ν)+ 12 V 4,
R±µνR
±µν = RµνR
µν − 4 (RµνV µV ν − RV 2 +∇[µVν]∇µV ν)+ 12 V 4 ,
(R±)2 =
(
R + 6 V 2
)2
. (A.16)
We see that
R−ρσµν = R
+
µνρσ , R
−
νµ = R
+
µν , (A.17)
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Since the Riemann tensor is not symmetric under the exchange of the first and second pair
of indices, and the Ricci tensor is not symmetric, two independent terms are
R±µνρσR
±ρσµν = R−µνρσR
+µνρσ = R±µνρσR
±µνρσ + 16∇µVν∇µV ν ,
R±µνR
± νµ = R−µνR
+µν = R±µνR
±µν + 8∇[µVν]∇µV ν . (A.18)
We will also need the relations
R±µνρσ ∗R±µνρσ = Rµνρσ ∗R µνρσ + 4i∇µ
(±RVµ ∓ 2RµνV ν ± 2V 2 Vµ − ǫµνρσV ν∇ρV σ) ,
R±µνρσ ∗R±∗µνρσ = R±µνρσR±ρσµν − 4R±µνR±νµ + (R±)2
= RµνρσR
ρσµν − 4RµνRνµ +R2 + 8∇ν (Vµ∇µV ν) . (A.19)
B More on tensor calculus
B.1 Multiplication rules
In the following we recall the multiplet multiplication rules for two general multiplets S1,S2
with bottom components C1, C2 [6, 12], assuming that both the gravitino and its supersym-
metry variations have been set to zero (see also [21]). These read
C = C1C2 ,
χ = χ1C2 + (−1)F1 C1χ2 , χ˜ = χ˜1C2 + (−1)F1 C1χ˜2 ,
M = M1C2 + C1M2 − (−1)F1 iχ1χ2 , M˜ = M˜1C2 + C1M˜2 + (−1)F1 iχ˜1χ˜2 ,
aµ = a1µC2 + C1a2µ + (−1)F1 1
2
(χ1σµχ˜2 − χ˜1 σ˜µχ2) ,
λ = λ1C2 + (−1)F1 i
2
M˜1χ2 +
1
2
σµχ˜1 (a2µ − iDµC2)
+C1λ2 + (−1)F1 i
2
χ1M˜2 +
1
2
(a1µ − iDµC1)σµχ˜2 ,
λ˜ = λ˜1C2 − (−1)F1 i
2
M1χ˜2 − 1
2
σ˜µχ1 (a2µ + iDµC2)
+C1λ˜2 − (−1)F1 i
2
χ˜1M2 − 1
2
(a1µ + iDµC1) σ˜
µχ2 ,
D = D1C2 + C1D2 +
1
2
M1M˜2 +
1
2
M˜1M2 − aµ1a2µ −DµC1DµC2
−(−1)F1χ1
(
λ2 +
i
2
σµDµχ˜2
)
− (−1)F1χ˜1
(
λ˜2 +
i
2
σ˜µDµχ2
)
− (−1)F1
(
λ1 − i
2
Dµχ˜1σ˜
µ
)
χ2
−(−1)F1
(
λ˜1 − i
2
Dµχ1σ
µ
)
χ˜2 + (−1)F1 3
2
Vµ (χ1σ
µχ˜2 − χ˜1σ˜µχ2) . (B.1)
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Here (−1)F1 accounts for the Bose or Fermi statistics of C1. The covariant derivative Dµ
appearing here is defined as Dµ = ∂µ +
i
2
ωµ
abSab − i rAµ .
B.2 Field strength multiplet and Yang–Mills Lagrangians
We now review the construction of field strength multiplets and associated Lagrangians.
Starting with a gauge vector multiplet in Wess–Zumino gauge (aµ, λ, λ˜, D), one can construct
the associated field strength multiplets Λα and Λ˜
α˙. These are defined as the multiplets having
λα and λ˜
α˙ as bottom components, and turn out to be chiral and anti-chiral multiplets,
respectively. In components, at ψµ = ψ˜µ = 0, they read
Λα =
(
λα , − 1√
2
fab(σ
ab)αβ +
i√
2
D εαβ , (i σ
aD−a λ˜)α
)
,
Λ˜α˙ =
(
λ˜α˙ , − 1√
2
fab(σ˜
ab)α˙β˙ − i√
2
D εα˙β˙ , (i σ˜aD−a λ)
α˙
)
, (B.2)
where fab is the field strength of aµ, and we have σ˜
aD−a λ = σ˜
a(Daλ +
3i
2
Vaλ) and σ
aD−a λ˜ =
σa(Daλ˜− 3i2 Vaλ˜) . Using the multiplet multiplication rules, we can then construct the chiral
multiplet Tr ΛαΛ
α, having R-charge r = 2, and the anti-chiral multiplet Tr Λ˜α˙Λ˜α˙ , having
R-charge r = −2. The respective F -term and F˜ -term Lagrangians are the self-dual and
anti-self-dual parts of the Yang–Mills Lagrangians, which again at vanishing gravitino read
LF
[
TrΛαΛα
]
= Tr
[1
2
fabf
ab +
1
2
fab ∗fab −D2 + 2i λσaD−a λ˜
]
,
L
F˜
[
Tr Λ˜α˙Λ˜
α˙
]
= Tr
[ 1
2
fabf
ab − 1
2
fab ∗fab −D2 + 2i λ˜ σ˜aD−a λ
]
. (B.3)
Similarly we can construct Lagrangians mixing field strength multiplets of two different
gauge vector multiplets:
LF
[
TrΛ1
αΛ2α
]
= Tr
[ 1
2
fab1 f2 ab +
1
2
f1 ab ∗fab2 −D1D2 + i λ1σaD−a λ˜2 + i λ2σaD−a λ˜1
]
,
LF˜
[
Tr Λ˜1 α˙Λ˜
2 α˙
]
= Tr
[ 1
2
fab1 f2 ab −
1
2
f1 ab ∗fab2 −D1D2 + i λ˜1σ˜aD−a λ2 + i λ˜2σ˜aD−a λ1
]
.
(B.4)
Note that LF − LF˜ is a topological term in the field strengths. This construction can be
generalised with further vector multiplets and a kinetic matrix depending on chiral multiplets
in a standard way.
C Comments on old minimal supergravity
It is interesting to compare the general analysis of the new minimal supergravity counterterms
of section 4 with a similar analysis in old minimal supergravity, pointing out the differences
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of the two approaches. We will limit ourselves to a comparison of the vanishing arguments
for F - and F˜ -terms.
The supergravity fields in Euclidean old minimal supergravity are (eaµ, ψµ, ψ˜µ, bµ,M, M˜),
where, apart from the usual vierbein and gravitino, we have an auxiliary complex vector
bµ and two independent auxiliary complex scalars M, M˜ . Supersymmetric backgrounds are
characterised by the vanishing of the gravitino supersymmetry variation:
0 = δψµ = ∇µζ − i
6
Mσµζ˜ − i
3
bµζ − i
3
bνσµνζ ,
0 = δψ˜µ = ∇µζ˜ − i
6
M˜σ˜µζ +
i
3
bµζ˜ +
i
3
bν σ˜µν ζ˜ . (C.1)
Solutions to these equations are given by pairs of spinors (ζ, ζ˜). The backgrounds that admit
solutions have been discussed in [4] and classified in [39].
The chiral and anti-chiral multiplets have the same field content as in new minimal
supergravity. The supersymmetry transformations on fermions at vanishing gravitino are
the same as in new minimal supergravity. Their vanishing on a supersymmetric background
is expressed by
0 = δψ =
√
2 ζF + i
√
2 σµζ˜ ∂µφ ,
0 = δψ˜ =
√
2 ζ˜F˜ + i
√
2 σ˜µζ ∂µφ˜ . (C.2)
We see that different cases must be considered.
• In the presence of a single solution (0, ζ˜), supersymmetric backgrounds are charaterized
by F˜ = 0 and F arbitrary. This is the same as in the new minimal supergravity
approach when there is a single Killing spinor ζ˜ ;
• In the presence of a pair of solutions (0, ζ˜) and (ζ, 0), supersymmetric backgrounds
are charaterized by F˜ = F = 0. This is the same as in the new minimal supergrav-
ity approach when there are two Killing spinors of opposite R-charge ζ, ζ˜. Then all
counterterms constructed as F - or F˜ -terms vanish in this case.
• When the solutions are of the form (ζ, ζ˜) with ζ 6= 0 and ζ˜ 6= 0 almost everywhere
(they can vanish on a subspace of zero measure), then the F - and F˜ -terms obey some
constraints imposed by the equations (C.2), but they do not vanish in general. A
prominent example is the supersymmetric background on S4 [4] which admits four
solutions of this type. Despite the large amount of supersymmetry preserved, it was
shown in [9] that a non-vanishing counterterm can be constructed as an F -term, leading
to an ambiguity in the partition function of N = 1 SCFTs on S4.
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The last point makes clear that there are cases where the ambiguities in the partition
function of N = 1 theories defined on a four-manifold using the rigid limit of old minimal
and new minimal supergravities are different.
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